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894. 
THE INVESTIGATION BY WALLIS OF HIS EXPRESSION FOR v. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xxn. (1889), 
pp. 165—169.] 


THE following is in effect the investigation by Wallis in the Arithmetica Infini- 
torum (Oxford, 1656) of his well-known expression for: 7. He obtains the series of 
equations which in modern notation are 


if (a — 2) de =1, 
[ @-ey de=4.4, 
| @-eyde=$.4, 


[ @-ey de = 4, 


or say, in general, 
1 1 


1 
1 Rat pS gre aah Sy eee 
IRG sie p(n) 2n+1° 
In the case n=4, the integral gives the area of a semicircle, diameter =1, viz. 
1 Jis j i be eat & 
26 (4) or writing with him cls, this is O= (4), 
where $(0), (1), ¢(2), ... are the series of numbers 1, 2, 6, 20, ..., which are in 
fact the middle binomial coefficients of the several even powers, and are the diagonal 


numbers in the table which he subsequently considers. As regards the form in which 
Wallis exhibits these results, his theorem CXXXIII. is: 


this is =47, or we have 47= 


Si exponatur series Primanorum mulctata serie secundanorum, Residuorum Quad- 
rata, Cubi, Biquadrata, &c. ad seriem Aiqualium rationem habebunt cognitam. 
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And then, after an algebraical calculation, 


‘eb sole Gin Se ae Se Ce Te aik ope 
ore m E A T a 5.6, 7 140 
Sew LEY ate PEPENE 
a8 6 3.4.5 30 4.5.6.7 140 
eae tate. (aba ae a iets | secre Mm a CIEL, 
3.8.6) 208- $,5.° 30) 2.8 458° 677 140 


...et sic deinceps; continue multiplicando Numeratores per numeros quadratos et de- 
nominatores per binos continue sequentes arithmetice proportionales—viz. he thus 
explains the law of his calculated numbers. 


He then forms the table 


1 b| : | H RE -4 
Prat E E a taal A KREO 
1 2 34 39 CTE 
WEDE N i T E E AE eh a 
i bed deinen tia i m wed 
Te eles ew a a 
Ue aa ee ge | 4 
TEWI m 13g gaos |g 
ros | 1 | ges] 5 | 9465/15 | 9000 | 35 | 29208 | 70 | 4 
cs eek es eS ee a ae 3 k 4 


where the figures in the second column are =1, those in the fourth column are 
_(n+1)(n+2) 


= "3 k those of the sixth column are 19 , and so on: ù being in each 
case the rank in the column as shown by the right-hand outside column, viz. these 
ranks are —4, 0, 4, l, ... at intervals of 4. And the several even lines contain the 


same figures as the several even columns respectively. 


Wallis then remarks that, if in any line the first and second terms respectively 
are A and 1, then the even lines are as follows, viz. the second line is 
2 Lee 2.4 1.3.5 2.4.6 

Avid Aq. Vg, 479 bog Aras 46 


the fourth line is 


| NES Se: 4.6 3.5.7 4.6.8 
A, 1, Aj, 1g, 479 leq Arg bane 
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the sixth line is 


A: E Ay, 1.=, AT3 Lyg’ Aig g TE 2.4. N E °°)" 
and this being so, he completes the table by inserting a term O in the diagonal 
line between the 1 and 2, and calculating the odd lines as follows: viz. if in each 
case A is the first term and B the second term of the line, then the complete rule is: 


5 6 5.7 6.8 5.7.9 = 10 
2 


the first line is 


oO 
bo 
jum 
wu) 
i) 
bo 
rs 
n 
oo 
Or 


0 1 K : an 
A, 1, 47, 15, 47g Legg, 4rg5 H340 
the second line is 
1 2 j 2.4 i: oe VARE: P 6} 
A, 1, Ay, 1.5, trp leq aise ao 
the third line is 
2 3 2.4 3.5 S48 S287 
A, 1, Aq, 1.3, 409 ligqgs Aggie beae 
the fourth line is 
3 4 S15 4.6 S D 4.6.8 
A, 1 AZ, 1g, 479) a A ) sae 
the fifth line is 
4 5 4.6 BIT 4.6.8 se 
A, 1, Ay, 1.5, Ars: 1.5 Asse 1.3.5 p’ 1.546 


and so on, the rule for the odd lines being thus an interpolation from that for the 
even lines. e that, in the first sca A is =o, and that, in the several odd terms 


after the first, A? —is =l. 


The table thus calculated (I have given here the fractions in their least terms) is 


a 1 40 | 3] 30 | & |. 40] vs | sO | ee | -3 
BEC ew min ee Shee 
to [1 | o dgs t ed fee) ae) ae ea 
gi Pet oe ee ee ee 
s aas] e| fio] g 2 
o|r go le a ae aal ae | aa ae 
ve [1 | 3.14 |e | 10] aa] 20, 3 
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in which table Q, as the term interpolated between the diagonal terms 1, 2, denotes 


the value = as before. 


The third line of the table is 


3 4 3.5 4.6 Bee ey 4.6.8 
z 35 zp 35D 


1 
94, i, O, 


| o 


oe 
Sas ass 


The successive even terms continually increase but tend to equality, and in like 
manner the successive odd terms continually increase but tend to equality; it seems 
to have been assumed that, for any three consecutive terms s, y, z, we have 


at that is, y?>az. Taking this to be so, we have 


Jas. TD See S NE eS N e 
l> 50%, 0> 5> z? 30> z O > 33 4? ea 32 g 5 O> eo 
and these equations give O 
less than greater than 


2 wi 

w A 2’ 
32 4 3? 5 
TANF 2, SNA 


SHAS 6 3°, 5° 7 
2.47.6 NV 5’ 2.47.6 VV 6’ 
JDT aR 9 
2.4.6.8 T 2.4°,0°.8 4/ 8” 
limits which jeni continually to equality. We thus have 
one! ae Re eee Pee 
OE ate ROO re 


the number of factors in the numerator being always equal to the number in the 
denominator, and the accuracy of the approximation increasing with the number of 
factors. 


It is to be remarked that for a square; row m and column n; m or n=—3, 0, 
4, 1, %,... as before; the term of the square is in general II (m+ n) =+ lII (m) II (n); 


thus m=n=4%, the term is II (1) + {II ($)}5, =1+(ny=4, =U; m=3, n=} it is 
II (3) + 1 (8) 1 (4), =%.%.3+6, =495; and so in any other case. 


©: mir 4 
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